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Abstract. We show that there is a natural universal limit of the topological string
free energies at the large radius point. The new free energies keep a nonholomorphic
dependence on the complex structure moduli space and their functional form is the
same for all Calabi–Yau geometries, compact and noncompact alike. The asymptotic
nature of the free energy expansion changes in this limit due to a milder factorial
growth of its coefficients, and this implies a transseries extension with instanton effects
in exp(−1/g2s), of NS-brane type, rather than exp(−1/gs), of D-brane type. We show a
relation between the instanton action of NS-brane type and the volume of the Calabi–
Yau manifold which points to a possible interpretation in terms of NS5-branes. A
similar rescaling limit has been considered recently leading to an Airy equation for the
partition function which is here used to explain the resurgent properties of the rescaled
transseries.
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21. Introduction
Topological string theory is a perturbatively defined theory of maps from Riemann
surfaces to a Calabi–Yau manifold. The perturbative1 free energy F (0) =
∑
g g
2g−2
s F
(0)
g
is an asymptotic, divergent, series in the string coupling constant gs, due to F
(0)
g ∼ (2g)!
as g → ∞. Such factorial growth is an example of a commonplace phenomenon which
in string theory was first described in [1, 2]. The coefficients of F (0), namely F
(0)
g (z, z)
are nonholomorphic functions of the complex structure moduli of the Calabi–Yau, that
we denote collectively as z. Here we are looking at the free energy from the B-model
side; in the A-model they depend on the Ka¨hler structure of the mirror geometry. An
efficient approach to computing F (0) is by means of the holomorphic anomaly equations
[3, 4] using a finite set of nonholomorphic generators called propagators (Szz, Sz, S, Kz)
instead of the complex conjugate of the modulus, z. The resulting free energies are then
polynomials [5, 6] in these generators. See [7] for a nice review of these topics.
The asymptotic nature, and intrinsically perturbative definition, of the topological
string free energy calls for a nonperturbative completion. There has been recent work on
this direction that culminated in a conjecture for such a completion based on the spectral
theory of an operator that quantizes the geometry of toric Calabi–Yau manifolds, [8] (see
also [9] for a recent review). A different approach, which partly inspires the present work,
is based on the theory of resurgence [10] (see [11] for a mathematical review and [12] for
a more physical perspective). The idea in this case is to provide a formal series that goes
beyond perturbation theory and that includes nonanalytic terms including factors such
as e−A/gs , which can be regarded physically as instanton corrections of some kind, with
A the instanton action. These formal series go by the name of transseries. The final step
for the nonperturbative completion involves the resummation of the transseries which
necessarily requires additional physical input to be uniquely defined. If the transseries
is resurgent the coefficients that build it satisfy very constraining relations. In fact, it is
expected that all the information of the transseries can be extracted from perturbation
theory alone, if computational power is not a restriction. This was the approach set up
in [13, 14]. The transseries found there had the schematic form
(1) F =
∞∑
g=0
g2g−2s F
(0)
g (z, z) +
∞∑
n=1
σnD e
−nAD(z)/gs
∞∑
g=0
ggs F
(n)
g (z, z),
where the various instanton actions, AD(z), are holomorphic and the other coefficients
are not. The transseries parameters, σD, that make (1) into a family of solutions, and
the instanton actions are labeled by D to denote that the instanton effects are of D-brane
type. The instanton actions AD(z) have a fundamental role in the theory of resurgence:
they control how the coefficients F
(0)
g grow factorially with g, namely
(2) F (0)g ∼
(2g)!
A2gD
, as g →∞,
1We include a superindex (0) to specify that a quantity is related to perturbation theory.
3and they materialize as singularities of the Borel transform of F (0)(gs),
(3) B[F (0)](s) =
∞∑
g=0
F
(0)
g
(2g)!
s2g.
If the set of singularities is discrete and we can extend the Borel transform analytically
along any path that avoids them then F (0)(gs) is called resurgent. Since the singularities
are responsible for the divergence of the series, the absence of singularities should indicate
that the series is actually convergent.
It was noticed in [14], for the Calabi–Yau geometry of local P2, that when the complex
modulus z goes to 0, that is, to the large radius point, the instanton actions move
off to infinity. However the resulting free energy series in that limit keeps showing
asymptotic behavior, although of slightly different nature. The growth of the coefficients
F
(0)
g ∼ (2g)!/A2gD disappears when the instanton actions are infinite and subleading
contributions are revealed growing like g!. We also find that the effect of the large
radius limit is universal, that is, the same for all Calabi–Yau geometries, both local and
compact, so it is not restricted to local P2. We show in this work that this universal
g!-growth is linked to a nonperturbative effect of the form
(4) e−ANS/g
2
s ,
which is familiar from NS-branes in string theory. In fact we show that ANS is related,
in the large radius limit, to the volume of the Calabi–Yau geometry, which suggests
a connection with NS5-branes. The main question that must be answered is what is
the physical interpretation of this new nonperturbative effect intrinsic to all topological
string theories?
In Section 2 we explain what exactly happens at the large radius point, how a rescaling
is needed to make sense of it, and how the result is independent of the Calabi–Yau
geometry, compact or local. We make contact with the recent work [15] where a similar
rescaling was introduced and show their close relation. Section 3 shows the universality
of the rescaled free energies using the holomorphic anomaly equations. We describe the
large-order growth, transseries extension, and resurgent properties of the free energies
helped by the connection with the Airy equation found in [15]. Section 4 widens the
scope from the large radius point back to the full moduli space and considers transseries
sectors involving e−ANS/g2s . We describe ANS and its relation to the Calabi–Yau volume,
and speculate about its possible physical interpretation in terms of NS-branes. We end
with the conclusions.
2. Factorial divergence at the large radius point
The Borel plane for local P2. One of the results of [14] was the identification of instanton
actions that contribute to the nonperturbative behavior of the (B-model) topological
string free energy on the mirror of local P2. These instanton actions are, as anticipated
in [16], periods of the geometry, and in particular holomorphic functions of the complex
structure modulus z. From the point of view of resurgence the instanton actions are
incarnated as poles of the Borel transform of F (0), defined by (3). The actions in the
Borel plane change with the complex structure modulus but not with the propagator. It
4was noticed in [14] that when we approach the large radius point, z = 0, all the actions
move off to infinity, leaving the Borel plane empty of singularities.2
The naive expectation would be that at the large radius point the free energy would
become convergent because no poles would drive the usual (2g)!-growth. But this is not
what was found. First of all, a naive limit z → 0 with a fixed value of the propagator
Szz would make the free energies blow up due to the Yukawa coupling (see equation
(11)). If on the other hand we let the propagator acquire its holomorphic value in the
large radius frame
(5) Szzhol,LR = z
2
(
1
2
+ 9z − 54z2 + . . .
)
then the free energies vanish when z → 0. (They would become the pure constant map
contribution but we have removed it.) The trivial vanishing series is indeed convergent
but not very interesting. The natural way forward is to rescale the propagator,
(6) Szz =: z2 Σ,
and define a new set of free energies
(7) H(0),P
2
g (Σ) := lim
z→0
F (0)g (z, S
zz = z2Σ), g ≥ 2.
The free energies for g = 0, 1 do not follow the same pattern. The relevant genus 0
information is captured by the Yukawa coupling which is holomorphic and undergoes no
rescaling. The limit of F
(0)
1 is considered later in equation (35).
It was found in [14] that the new rescaled perturbative free energy
(8) H(0),P
2
=
∞∑
g=2
g2g−2s H
(0),P2
g ,
once all instanton actions associated to the (2g)!-growth have disappeared from the Borel
plane, is still asymptotic. The coefficients now grow factorially like
(9) H(0),P
2
g ∼
Γ(g − 1)
AH(Σ)g−1
, as g →∞,
for a particular function AH(Σ). Two important points to mention: the new instanton
action that controls the growth is not holomorphic and the growth itself goes like g!
rather than (2g)!. This growth is invisible from the Borel transform (3) and it can only
be discovered at z = 0. We will comment on these issues and their significance later in
the paper. Before that let us explore the rescaling (6) a little further.
The rescaling at the large radius point. The free energies F
(0)
g (z, Szz) are polynomial in
the propagator and rational in the modulus. When we rescale Szz by z2 and take the
2The constant map contribution to the free energies is present for every geometry and it implies a
constant instanton action, 4pi2i. We subtract the constant map contribution to get rid of this action
without losing generality.
5large radius limit we capture some of the coefficients of these rational functions. For
example, for local P2 and genus g = 2, we have
(10) F
(0)
2 = C
2
zzz
(
5
24
(Szz)3 − 3z
2
16
(Szz)2 +
z4
16
Szz − (11− 162z − 729z
2)z6
1920
)
− 1
1920
,
where the last term removes the constant map contribution and Czzz is the Yukawa
coupling,
(11) Czzz = − 1
3z3(1 + 27z)
.
The power z−6 in C2zzz is canceled by other similar powers of z that accompany each
term Σk, k = 0, 1, 2, 3, and we find
(12) H
(0),P2
2 =
(
−1
3
)2( 5
24
Σ3 − 3
16
Σ2 +
1
16
Σ− 11
1920
)
− 1
1920
.
It is worth noting that the coefficient of the ambiguity captured in the rescaling, namely
−11/1920, is the one fixed by the constant-map boundary condition at z = 0, not by
the gap condition at the conifold locus.
Since the rescaled free energies vanish in the holomorphic limit, it is natural to in-
troduce a variable X := Σ − σhol, where σhol = 12 is the holomorphic limit of Σ in the
example of local P2, see (5). Then,
(13) H
(0),P2
2 =
(
−1
3
)2
X
(
5
24
X2 +
1
8
X +
1
32
)
.
For generic genus g we find H
(0),P2
g = X2g−3Pol(X; g). The total degree of H
(0),P2
g in X
equal to 3g−3 is a generic property of F (0)g [6] that is preserved in the large radius limit.
The existence of a large radius point is a generic feature of all Calabi–Yau manifolds
that corresponds to a large value of the Ka¨hler structure moduli in the A-model mirror
geometry. It is then natural to apply the same limit to other geometries, starting with
toric ones having a single modulus. The resulting rescaled free energies differ from those
of local P2 in the particular coefficients. However it is not difficult to find the right
variable u, proportional to X, that leads to universal results for all g. Indeed, if we
define u by
(14) Szz =: z2
(
σhol + b˜κ
−1u
)
then the rescaled free energies are proportional to universal polynomials H
(0),u
g (u),
(15) H(0),geomg =
(
b˜3κ−1
)g−1
H(0),ug .
Here κ is the classic intersection number and b˜ is related to a topological invariant of the
Calabi–Yau, see (31). Note that the prefactor can be combined with g2g−2s in (8). We
show this universality property of the rescaling in the next section. We have checked (15)
for various toric geometries, such as local del Pezzo, but also for a compact geometry,
the mirror quintic, and for an example with two moduli, local P1 × P1, see Section 3.1.
6The first few free energies H
(0),u
g (u) are
H
(0),u
2 = u
(
5
24
u2 +
1
2
u+
1
2
)
,(16)
H
(0),u
3 = u
3
(
5
16
u3 +
5
8
u2 +
1
2
u+
1
6
)
,(17)
H
(0),u
4 = u
5
(
1105
1152
u4 +
15
8
u3 +
25
16
u2 +
2
3
u+
1
8
)
,(18)
H
(0),u
5 = u
7
(
565
128
u5 +
1105
128
u4 +
15
2
u3 +
175
48
u2 + u+
1
8
)
,(19)
H
(0),u
6 = u
9
(
82825
3072
u6 +
1695
32
u5 +
12155
256
u4 + 25u3 +
525
64
u2 +
8
5
u+
7
48
)
.(20)
The leading coefficients, let us call them a
(0)
g , have been discussed recently in [15]. In
that work they appear as the coefficient of the highest degree term in the propagator
Szz, that is
(21) F (0)g = a
(0)
g C
2g−2
zzz (S
zz)3g−3 + . . .
To obtain the generating series
∑
g λ
2g−2
s a
(0)
g the following rescaling was considered
(22) Szz 7→ ε2/3 Szz, gs 7→ ε−1 gs,
along with λ2s := g
2
sC
2
zzz(S
zz)3 and ε → 0. A natural question formulated in [15] asked
for a physical interpretation of the parameter ε. In light of the previous discussion it is
natural to consider the relation
(23) ε↔ z−3.
This implies the rescaling Szz 7→ z−2 Szz (l.h.s. of (22)) that we considered, with a
different notation, in (6). Note, however, that z still goes to zero, not infinity. The ε→ 0
limit, designed to capture the coefficients a
(0)
g , is based on the polynomial structure of
the free energies alone (lower degree terms in (21) vanish in the limit) and does not
involve the complex modulus z at all. The large radius limit, while doing the same
rescaling of the propagator, does not rescale gs. As a consequence lower order terms in
(21) also contribute to H
(0),u
g (u). The generating series for the coefficients a
(0)
g can be
obtained from H(0),u as
(24) lim
u→∞
∞∑
g=2
g2g−2s H
(0),u
g (u) =
∞∑
g=2
λ2g−2s a
(0)
g
where g2su
3 = λ2s is kept finite.
In this way the ε-limit of [15] can be geometrically interpreted as a large radius limit
and, moreover, it can be refined to keep nonholomorphic information. The large radius
limit is also universal once the proper variables are considered, as in (14) and (15). Note
also that the rescaling by z2 is natural from the point of view of the holomorphic limit
(5). It was also implicitly considered in [17] when constructing a set of generators instead
of the propagators that would behave nicely under (generalized) modular properties; see
7also [18]. In local P2, for example, the second Eisenstein series Eˆ2 can take the role of
the propagator Szz [19, 20] with the property that its holomorphic limit is O(z0) rather
than O(z2) as in (5), so the factor z2 in front of Szz has naturally been taken care of.
3. Properties of the rescaled free energies
In this section we present some of the properties of the rescaled free energies H
(0),u
g :
• they are universal, that is, the same for every geometry, local or compact,
• they satisfy a rescaled version of the holomorphic anomaly equations and also
an equation in gs that can be cast into Airy form, as in [15],
• there is a transseries extension to the perturbative series whose resurgent prop-
erties are captured by those of the Airy function and whose factorial growth is
subleading, to all orders, to the standard (2g)!-growth familiar to string theories.
3.1. Universality of the large radius limit. To simplify the discussion we restrict
ourselves to local geometries with one modulus for which we can keep Szz and set the
other generators Sz, S and Kz safely to their holomorphic limit, zero. Our starting point
is the holomorphic anomaly equations and our goal is to take the z → 0 limit of them. If
we denote by Dz the covariant derivative on the moduli space (see [7] for more details)
we have
(25)
∂F (0)g
∂Szz
=
1
2
DzDzF
(0)
g−1 +
1
2
g−1∑
h=1
DzF
(0)
h DzF
(0)
g−h.
along with
(26)
DzS
zz = −Czzz (Szz)2 + hzzz , Γzzz = −Czzz Szz + szzz, DzF (0)1 =
1
2
Czzz S
zz +A
(0)
1 .
Here hzzz , s
z
zz and A
(0)
1 are holomorphic ambiguities that can be fixed for each particular
geometry. We will assume that for small z we can write
(27) hzzz = h0 z +O(z2), szzz =
s0
z
+O(z0), A(0)1 =
A0
z
+O(z0).
The Yukawa coupling is assumed to have the form
(28) Czzz =
κ
z3 ∆(z)
,
where κ is the classic intersection number and ∆(z) is a discriminant whose vanishing
determines the conifold locus, satisfying ∆ = 1 +O(z).
In the holomorphic limit we have the relations
(29) (Γzzz)hol =
(
∂T
∂z
)−1(∂2T
∂z2
)
= −1
z
+O(z0),
where T ∝ log z +O(z0) is the Ka¨hler parameter, and
∂zF (0)1 = ∂z log
(
∆−1/12 zb(detGzz)−1/2
)
=
b˜
z
+O(z0)(30)
b˜ := b+
1
2
, b = − 1
24
∫
CY
c2 ∧ J.(31)
8Here Gzz is the Weil–Petersson metric on the complex structure moduli space with Levi-
Civita connection Γzzz = G
zz∂zGzz. J is the Ka¨hler form and c2 the second Chern class.
Taking the holomorphic limit of (26) we find
(32) h0 = κσ
2
hol, s0 = κσhol − 1, A0 = b˜−
1
2
κσhol.
When z → 0 the relevant nonholomorphic coordinate is X, satisfying Szz = z2(σhol+X).
We can calculate, using (32),
(33) ∂zX =
1
z
κX2 +O(z0).
Taking into account that
(34) ∂zF
(0)
g = ∂zX ∂XF
(0)
g +O(z0), ∂SzzF (0)g =
1
z2
∂XF
(0)
g ,
we arrive at the large radius limit of the holomorphic anomaly equations
∂XH
(0)
1 =
1
2X
+
b˜
κX2
,(35)
∂XH
(0)
g =
3κ2
2
X3∂XH
(0)
g−1 +
κ2
2
X4∂2XH
(0)
g−1 +
κ2
2
X4
g−1∑
h=1
∂XH
(0)
h ∂XH
(0)
g−h.(36)
The only explicit dependence on the CY geometry is through κ and b˜. This leads to the
definition
(37) X = b˜κ−1u, H(0)g =
(
b˜3κ−1
)g−1
H(0),ug ,
so that the polynomials H
(0),u
g (u) are now independent of the geometry.
3
Even though we have derived this result in the context of local geometries with a
single complex structure modulus, the prescription is generic.4 See Table 1 for some
examples.
Example 1 (Local P1 × P1). In this geometry we have two moduli, z1 and z2 (see, for
example, [20]). In the holomorphic limit the propagators tend to the same function, up
to rescaling,
(38) S11 → S, S12 → z2
z1
S, S22 → z
2
2
z21
S, S = z21
(
1
2
− 2z1 − 2z2 + . . .
)
.
If we consider the change of variables
(39) S11 = z21
(
1
2
+
u
12
)
, S12 = z1 z2
(
1
2
+
u
12
)
, S22 = z
2
2
(
1
2
+
u
12
)
3We can still rescale u and H
(0),u
g by geometry-independent numbers. Here we make a particular
choice such that the leading coefficients of H
(0),u
g are the rational numbers a
(0)
g relevant to [15]. Also,
the integration constants arising from (36) must be zero to agree with H(0),u(u = 0) = 0. Recall that
we subtracted the constant map contribution and u = 0 represents the holomorphic limit in the large
radius frame.
4In the language of the nonholomorphic generators introduced in [17], T2 takes the role of S
zz. A
similar definition for u applies in that case with T2 =: T2,hol + b˜κ
−1u. Note that no rescaling by z2 is
involved.
9Geometry κ b˜
local P2 −13 − 112
local del Pezzo E5 −4 16
local del Pezzo E6 −3 14
local del Pezzo E7 −2 13
lcoal del Pezzo E8 −1 512
mirror quintic +5 −2512
local P1 × P1 −1 − 112
Table 1. Values of κ and b˜ for local P2, local del Pezzo geometries, the quintic mirror, and local
P1×P1. The last geometry has two moduli so the values of κ and b˜ are effective (see Example 1).
we have that
(40) lim
z1,z2→0
F (0),P
1×P1
g = H
(0),P1×P1 =
(
2−63−3
)g−1
H(0),ug .
For geometries that do not effectively depend on an underlying genus 1 Riemann surface
like this one we could have more than one variable u.
Example 2 (Mirror quintic). For this compact geometry we must consider the rest of the
propagators Sz and S [4], which acquire a nontrivial value in the holomorphic limit,
(41)
z−2Szzhol = −
3
25
+ 173z +O(z2), z−1Szhol =
2
125
+O(z), Shol = − 3
625
+O(z).
Note that we also have to rescale Sz by z. Letting
(42) z−2 Szz ≡ − 3
25
− 5
12
u, z−1 Sz ≡ 2
125
, S ≡ − 3
625
,
we find
(43) lim
z→0
F (0),quinticg = H
(0),quintic
g =
(−552−63−3)g−1H(0),ug .
3.2. Transseries extension for rescaled free energies. In this subsection we will
obtain a transseries extension of the perturbative asymptotic series H(0),u(gs;u). We can
take two complementary routes. One was initiated in [13], where the approach to the
transseries extension of F (0)(gs; z, S
zz) was based on an extension of the holomorphic
anomaly equations that admits transseries solutions. The other route is based on [15]
where a differential equation in gs was found and shown to be equivalent to the Airy
equation. The most important property of the transseries for Hu is that the instanton
corrections are not of the form exp(−A/gs), but rather exp(−A/g2s). This behavior is
intimately related to the factorial growth g! found in [14], rather than (2g)!. We will
explore the implications of this later in Section 4.
The master equation for nonperturbative F that was used in [13] is
(44)
∂F
∂Szz
+ U∂zF − 1
2
g2s
(
Dz∂zF + (∂zF )
2
)
=
1
g2s
W + V,
10
where U , V andW are determined by requiring the usual holomorphic anomaly equations
to hold at the perturbative level (see [13] for details). In the large radius limit this
equation becomes
(45) ∂uH
u − 3
2
g2s u
3
(
∂uH
u +
u
3
∂2uH
u +
u
3
(∂uH
u)2
)
=
1
2u
+
1
u2
.
We will refer to it as the u-equation. The same equation can be obtained from (35)-(36),
so H(0),u in (45) actually includes the genus 1 contribution.
It was found in [15] that the generating function
(46)
∞∑
g=2
λ2g−2s a
(0)
g
satisfies a differential equation in λs (c.f. Prop. 3.1). Notice that the sum starts
at genus 2 instead of 1. A generalization of that equation can be obtained once we
have understood the deformation in u of H(0),u. This is done by taking a guess at the
coefficients of H
(0),u
g . If we denote
(47) H(0),u =
∞∑
g=2
g2g−2s u
2g−3
g∑
p=0
a(0)g,p u
p,
we can identify 5
(48) a
(0)
g,0 =
1
2g−2
(2g − 4)!
g!(g − 2)! , a
(0)
g,1 =
2g−3
g − 1 , a
(0)
g,p = a
(0)
p [ξ
g]
(
ξp
(1− 2ξ) 32 (p−1)
)
.
Note that the asymptotic nature of H(0),u comes from the coefficients a
(0)
p alone. Now
we can follow [15] and obtain
(49) θ2τsH
u + (θτsH
u)2 +
(
1− 2
3τs
− τs
u+ τs
)
θτsH
u +
5
36
+
1
3u2
+
2τs
9u3
+
1
6
2− τs
u+ τs
= 0.
where τs := g
2
su
3 = λ2s, and θτs = τs∂τs . The reason for introducing τs is to stress
that the relevant (resurgent) variable is g2s rather than gs. We will refer to (49) as the
τs-equation. This equation itself cannot be cast into Airy form but we will go around
this obstacle in Section 3.3.
Next we introduce the transseries ansatz6 in g2s ,
(50) Hu(g2s ;u) := H
(0),u(g2s ;u) +
∞∑
n=1
σn e−Au(u)/g
2
s
∞∑
g=0
(g2s)
g+b(n) H(n),ug (u).
and we solve for it order by order:
Perturbative: The u-equation determines H
(0),u
g (u) up to a holomorphic ambiguity,
a constant, fixed by imposing that the free energy vanishes when u = 0, since we have
5If f(ξ) =
∑
fn ξ
n, then [ξn](f(ξ)) := fn.
6In (50) the transseries parameter σ is one of the two integration constants of the equation. The
other has been implicitly fixed to reproduce the familiar perturbative series.
11
subtracted the constant map. The τs-equation already incorporates this condition at
u = 0 so no fixing is needed. The form of the free energies is
(51) H(0),ug (u) = u
2g−3 Pol(u; g),
where the leading coefficient of the polynomial is a
(0)
g . The first few energies were
displayed in (16)-(20).
Instanton action: The u-equation fixes the instanton action to be Au(u) =
2
3u3
+const,
whereas the τs-equation allows either Au(u) =
2
3u3
or Au(u) = 0. The only nontrivial
solution is then
(52) Au(u) =
2
3u3
.
One-instanton: The u-equation for the one-instanton sector gives a tower of differential
equations that determine H
(1),u
g (u) up to a constant. The τs-equation does not determine
the first coefficient H
(1),u
0 (u) at all, as is expected from this type of differential equations,
but once this is fixed the rest follow. At this point we choose to set H
(1),u
0 = −e2/u
because it is compatible with the u-equation and with the resurgent properties we will
describe in Section 3.3. Putting everything together we find
(53) H(1),ug (u) = e
2/u ug Pol(u; 2g).
The exponential term in front is determined by the u-equation. The τs-equation imposes
b(1) = 0. The first few energies are
H
(1),u
1 = e
2/u u
(
5
12
u2 + 1
)
,(54)
H
(1),u
2 = e
2/u u2
(
−25u
4
288
+
5u3
4
− 5u
2
12
+
u
3
− 1
2
)
.(55)
Higher-instanton: Both the u-equation and τs-equation for H
(n),u
g , n ≥ 1, are algebraic
so they involve no integration constants. They give the same solution:
(56) H(n),ug (u) = e
n2/u ug Pol(u; 2g).
The τs-equations impose b
(n) = 0. The first few energies for the two-instanton sector are
H
(2),u
0 = −e4/u
1
2
,(57)
H
(2),u
1 = e
4/u u
(
5u2
12
+ 1
)
,(58)
H
(2),u
2 = e
4/u u2
(
−25u
4
144
+
5u3
4
− 5u
2
6
+
u
3
− 1
)
.(59)
3.3. Large-order growth and resurgence properties. We turn our attention to the
resurgent properties of this transseries, that is, to the study how all the coefficients in
(50) are related to each other. To show some of the computational features of resurgence
we will first extract some coefficients encoded in the perturbative factorial growth, and
only afterwards will we justify the results from a resurgent analysis of the Airy equation.
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Figure 1. Graphical representation of large-order limits, g →∞, that converge to the instanton
action and higher-instanton coefficients in (60) and (62). The original sequence (red) converging
to the exact value is accelerated using Richardson extrapolation (orange and green).
Large-order growth. We start off in the limit u → ∞ and τs fixed that selects the
coefficients a
(n)
g from the transseries. One of the practical outcomes of resurgence is an
explicit set of tight constraints between perturbative and nonperturbative coefficients
of a transseries. It is a relation of large order, meaning that the coefficients a
(m)
h , h =
0, 1, 2, . . . of one sector are encoded in the growth of coefficients of another sector, a
(n)
g
when g →∞. Usually we use the growth of perturbative coefficients, n = 0, to find about
nonperturbative coefficients, m = 1, 2, . . ., but this type of large order relations hold
between nonperturbative sectors as well. In practice we do not have infinite coefficients
but with enough of them we can obtain good numerical approximations. The numerical
procedure is based on Richardson extrapolation of sequences that converge to the number
we wish to extract. See [21] for details of this method as applied in the context of matrix
models.
For example, by numerically analyzing how the numbers a
(0)
g grow with g — see the
top plots in Figure 1 — we experimentally find the relation
(60) a(0)g ∼
−i
2pii
[
Γ(g − 1)
(2/3)g−1
(−1) + Γ(g − 2)
(2/3)g−2
(
5
12
)
+
Γ(g − 3)
(2/3)g−3
(
− 25
288
)
+ . . .
]
,
but the numbers −1, 512 , − 25288 , . . . are none other than a
(0)
h , for h = 0, 1, 2, . . ., and 2/3
is the instanton action of the transseries. The number in front, −i in this case, is called
the Stokes constant, S1, and varies from problem to problem. More compactly we write
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(61) a(0)g ∼
S1
2pii
∞∑
h=0
Γ(g − 1− h)
Ag−1−h
a
(1)
h , as g →∞.
We can do something similar for the one-instanton coefficients, expecting to uncover the
two-instanton sector:
(62)
a(1)g −
1
2pi
Γ(g)
(−2/3)g ∼
−i
pii
[
Γ(g)
(2/3)g
(
−1
2
)
+
Γ(g − 1)
(2/3)g−1
(
5
12
)
+
Γ(g − 2)
(2/3)g−2
(
− 25
144
)
+ . . .
]
that we identify as
(63) a(1)g ∼
1
2pi
Γ(g)
(−A)g +
S1
pii
∞∑
h=0
Γ(g − h)
Ag−h
a
(2)
h , as g →∞.
See the bottom plots in Figure 1 for some examples. We will justify the extra term in
the l.h.s. of (62) when we perform the resurgent analysis of Hu.
We can take the same approach when u is finite and find similar formulae
H(0),ug ∼
S1
2pii
∞∑
h=0
Γ(g − 1− h)
Ag−1−hu
H
(1),u
h , as g →∞,(64)
H(1),ug ∼ −
1
2pi
Γ(g)
(−Au)g +
S1
pii
∞∑
h=0
Γ(g − h)
Ag−hu
H
(2),u
h , as g →∞.(65)
where S1 = −i and Au = 23u3 . See Figure 2 for numerical verifications. The large-order
game does not end here, one could go on and uncover all coefficients of the transseries
if computational power and memory were no obstacle.
Resurgence. There is a very nice justification for these large-order relations based on
the properties of the Airy equation. It was shown in [15] that the partition Z(0) =
exp
∑
a
(0)
g λ
2g−2
s satisfies the Airy equation in the form
(66) (∂2x − x)v(x) = 0,
where we have defined
(67) x =
1
(2λ2s)
2/3
, v = 2−1/3 e
1
3λ2s λ1/3s Z(0).
When the parameter u is present we can still obtain the same equation if we keep the
quantity ζ := 1− 2τs/u as a constant external parameter7 and define
(69) x =
ζ
(2τs)2/3
, v = 2−1/3 e
ζ−1/3
2τs τ1/6s Z(0),u,
where Z(0),u := exp H˜(0),u and τs = λ2s. The tilde in H˜(0),u is to remind us that ζ is kept
fixed.
7The equation for H˜(0),u in that case is
(68) θ2τsH˜
(0),u +
(
θτsH˜
(0),u
)2
+
(
1− ζ − 1/3
τs
)
θτsH˜
(0),u +
5
36
=
1
λ4s
(ζ − 1)2(4ζ − 1)
36
,
where the combination ζ = 1− 2τs/u is kept fixed.
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Figure 2. Graphical representation of large-order limits, g →∞, that converge to the instanton
action and higher-instanton coefficients as functions of u. Green dots come from the Richardson
extrapolation of a sequence similar to the ones in Figure 1, whereas the solid lines are the
transseries predictions described in Section 3.2
The general transseries solution to the Airy equation is a combination of
vBi/Ai(x) =
1
2
√
pix1/4
e±
2
3
x3/2Φ±(x3/2),(70)
where
Φ±(x) =
∞∑
g=0
(∓1)gcg x−g, cg = 1
2pi
(
−3
4
)g Γ(g + 1/6)Γ(g + 5/6)
g!
.(71)
The perturbative solution Z(0),u is associated to vBi [15]. The nonperturbative one is
(72) Zu =
√
2pi 21/3 τ−1/6s e
− ζ−1/3
2τs
(
vBi
(
ζ
(2τs)2/3
)
+ σvAi
(
ζ
(2τs)2/3
))
,
as can be checked directly by expanding vAi/Bi and comparing with the results in Sec-
tion 3.2. In particular we can recover all the functions H
(n),u
g (u) from the transseries
expansion of logZu in τs. Since the prefactor in (72) has only trivial resurgent proper-
ties, the large-order relations found in this section must be explained by the Airy series
alone. If the goal is to arrive at relations (64)-(65) the start is to understand the sin-
gularities of the Borel transforms of Φ±(x). To connect the two we must introduce the
concepts of alien derivative and Stokes automorphism.
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The alien derivative, ∆ω, on an asymptotic series captures the residues of its Borel
transform at a singularity ω. For example, the Borel transform of Φ± is
(73) B[Φ±](s) =
∑
g=1
(∓1)gcg
(g − 1)! s
g−1 = ± 5
48
2F1
(
7
6
,
11
6
, 2;±3s
4
)
,
so we can compute the expansion around the singularity
(74) B[Φ±]
(
s± 4
3
)
=
−i
2piis
− iB[Φ∓](s) log(s)
2pii
+ regular.
The alien derivative on Φ± collects8 the residues9 −i and −iB[Φ∓] at ±A˜ = ±4/3,
(75) ∆±A˜Φ± = −iΦ∓.
The factor −i is the Stokes constant. The Airy system has quite simple resurgent
properties because it comes from a linear differential equation.
Let us translate this result to H-language. Using (72) we can write
Hu = H˜(0),u(x;u) +
∞∑
n=1
σn e−nA˜x
3n/2
H˜(n),u(x;u)
= (non-resurgent) + log[Φ+(x)] +
∞∑
n=1
σn e−nA˜x
3n/2 (−1)n+1
n
(
Φ−
Φ+
)n
.(76)
where the first term has a trivial alien derivative, so it can be ignored in what follows,
and against the tilde in H˜ indicates that ζ = 1−2τs/u is kept fixed. The alien derivatives
satisfy the Leibniz rule so we readily find
∆+A˜H˜
(n),u = −i (n+ 1) H˜(n+1),u, n ≥ 0,(77)
∆−A˜H˜
(0),u = 0,(78)
∆−A˜H˜
(1),u = −i,(79)
∆−A˜H˜
(n),u = +i (n− 1) H˜(n−1),u, n ≥ 2.(80)
To finally arrive at the large-order relations we use a dispersion relation argument going
back to [22, 23], that relates factorial growth and singular behavior
(81) H˜(n),u(w) =
1
2pii
∫ ∞
0
dy
Disc0 H˜
(n),u(y)
y − w +
1
2pii
∫ 0
−∞
dy
Discpi H˜
(n),u(y)
y − w .
Here we let w := x3/2 to avoid writing fractional powers in the expressions. The dis-
continuities along the half-lines at angles θ = 0, pi can be computed in terms of alien
derivatives through the Stokes automorphism, Sθ = 1−Discθ,
(82) S0,pi = exp
(
e∓A˜w∆±A˜
)
.
8The actual definition for the alien derivative takes into account the choice of analytic continuation
of the Borel transform around the singularities. In this case there is only one and the definition collapses
to the one we are using.
9Note that the Borel transform leaves out c0 which reappears as the proper residue times −i.
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Let us focus on the perturbative (n = 0) and one-instanton (n = 1) sectors. We imme-
diately calculate
S0H˜
(0),u = H˜(0),u +
∞∑
n=1
e−nA˜w(−i)nH˜(n),u,(83)
SpiH˜
(0),u = H˜(0),u,(84)
S0H˜
(1),u = H˜(1),u +
∞∑
n=1
e−nA˜w(−i)n(n+ 1)H˜(n+1),u,(85)
SpiH˜
(1),u = H˜(1),u − e+A˜w i.(86)
These equations tell us that the large-order growth of H˜
(0),u
g is only affected by the pole
at A˜, receiving contributions from all instanton orders, while H˜
(1),u
g is also influenced by
the pole at −A˜ due to (79). This type of inhomogeneous term is not found in resurgent
systems such as matrix models. In this case it arises because of the structure of Hu
shown in (76) involving the ratio Φ−/Φ+. Similar inhomogeneous terms will also appear
in the equivalent expressions of (86) for higher instanton sectors, n ≥ 2. This happens
because the exponential expansion of Spi on H
(n),u truncates after n+ 1 terms and the
last one is proportional to (79).
If we now expand (81) around large x (there, w = x3/2) and use the equations (83)-
(86) we arrive at the large-order relations described earlier for a
(n)
g when ζ = 1 and for
any u.10
Comments. All the resurgent properties of the rescaled u-dependent free energies stem
directly from those of the Airy system. A complete resurgent analysis like we have pre-
sented here is not available from the alternative viewpoint of the holomorphic anomaly
equation. That was the only approach at hand in [14] so the analysis was necessarily lim-
ited to the results obtained from a large-order analysis, leaving open questions regarding
the ultimate resurgent structure of the topological string free energy F (z, Szz).
In this way the opportunity of having two equations, one in the string coupling and
one in the antiholomorphic moduli, could provide some insight to the problem just
mentioned. A well adapted technique might be parametric resurgence [24] (also dubbed
coequational or quantum). As the name suggests, it deals with resurgent systems in
which the resurgent variable appears as a parameter. This is exactly the case for the
holomorphic anomaly equation although we will not pursue this path further in this
work.
Finally, let us stress the fact that the transseries considered here and in [13] are
different, one involving e−1/g2s and the other e−1/gs . From a wider perspective these are
two different sectors of the same problem. We go deeper into this matter in the next
section.
10The instanton action A˜ = 4/3 becomes A = 2/3 once we take the factor of 2 in (69) between x and
τs. Removing the constraint that ζ is fixed to go from H˜ to H takes some extra work. Alternatively one
can take a resurgence approach to (49); see also the comments below.
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4. Instanton contributions of NS-brane type
We have found in the previous section that the rescaled perturbative free energies,
H
(0),u
g , have a milder factorial growth with g than the original, moduli dependent free
energies, F
(0)
g , namely g! as opposed to (2g)!. The natural transseries extensions that
dictate these particular growths are of different type. The growth of F
(0)
g comes with
a transseries extension of the form (1) and instanton corrections of the form e−AD/gs .
We label these nonperturbative effects of D-brane type because such a dependence in gs
is the natural one for D-branes [25]. In some theories it can be checked that D-branes
are responsible for these corrections, see for example [26, 27, 28, 21, 29]. By contrast,
the transseries that completes the rescaled free energies, equation (50), has corrections
of the form e−Au/g2s , which are natural in the context of NS-branes in string theory
[30, 31, 32]. We want to explore if there exists a moduli dependent transseries with the
same gs dependence as that of H
u,
(87) F =
∞∑
g=0
g2g−2s F
(0)
g (z, z) + σNS e
−ANS(z,z)/g2s
∞∑
g=0
(g2s)
gF (1)g (z, z) + · · ·
that could complement the one studied in [13] and shown in (1). That is, we want to
answer the question: does the transseries extension of the perturbative string free energy
include sectors of NS-brane type like those in (87)?
There are at least two ways to give a positive answer to this question. The first
would be to find signs of g!-growth for F
(0)
g outside the large radius limit. This requires
resumming the leading (2g)! contributions from terms weighed by e−nA/gs , for all n,
so it looks impractical. The second option would look at the resummation of the free
energy transseries, F [33]. If the instanton contributions of NS-brane type are present
they may contribute to the resummation and they could be detected this way. Note
that even if these new sectors are present in the formal transseries, this does not mean
that they will be present in the resummation because σNS could be zero.
11 A different
approach would provide physical arguments for such sectors based on the existence of
instanton-like objects in topological string theory that could account for them. We will
speculate at the end about this possibility having in mind NS5-branes as the possible
origin of these effects. Let us first explore some of the consequences of the answer to the
question of existence of NS-brane effects being affirmative.
Transseries of NS-brane type. The master equation (44), explored in [13] to study
transseries with open string instanton sectors, actually admits transseries solutions of
the form (87). The equation for the instanton action ANS is
(88) ∂SzzANS +
1
2
(∂zANS)
2 = 0.
This contrasts with the holomorphicity condition found in [13] for the instanton action
AD where the second term in (88) was absent. The equation for ANS is nonlinear and
11Then again, Stokes phenomenon has the generic property of turning on the value of the transseries
parameter σNS so there may be values of z and S
zz for which these sectors are visible through
resummation.
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more difficult to solve. If we look for a solution that matches Au in the large radius limit
we can take as an ansatz
(89) ANS =
∞∑
p=0
Ap(X) z
p, with A0(X) =
2
3κ2X3
.
A0(X) is in correspondence with Au once we divide by g
2
s and take (37) into account.
The corrections in z, Ap(X), are not universal and include new integration constants.
For example,
(90) A1(X) = const1 · e 2κX +
0∑
p=−4
bkX
k,
where the numbers bk depend on the particular geometry. To fix the constants we look
at a different expansion for ANS, in (S
zz)−1,
(91) ANS =
∞∑
n=3
An(z)
(Szz)n
.
In the example of local P2 the solution reads
(92) AP
2
n (z) = z
2n (1 + 27z)2 Pol
(
z;
[
2n
3
]
− 2
)
.
Comparing with (89) imposes const1 = −3, and similarly with higher orders and other
geometries. The prefactor (1 + 27z)2 can be identified with the squared discriminant,
∆(z)2, which suggests that in general this instanton action vanishes at the conifold locus.
It is not clear that there are no other interesting solutions to (88). Note that a constant
action is always a solution but a nontrivial holomorphic function, without propagator
dependence, is not.
Finally, if we take (89) we can solve for F
(1)
g , and find that their large radius limit is
in correspondence with H
(1),u
g . For example, since H
(1),u
0 ∝ exp(2/u) we look for
(93) F
(1)
0 = const · eG
(1)
0 , G
(1)
0 =
∞∑
n=1
G
(1)
0,n(z)
(Szz)n
and solve algebraically for G
(1)
0,n(z), finding polynomials in z. When z → 0 we recover
H
(1),u
0 .
Seeking an interpretation for ANS. The holomorphic anomaly equation for ANS, associ-
ated to instanton corrections of NS-brane type, has a solution with a well-defined rescaled
limit, Au, which is universal and is linked to the existence of a large radius point in the
complex structure moduli space. Even though we only have direct evidence for Au it is
natural to think of it as the large radius limit of an action defined everywhere in moduli
space. So let us assume that such an instanton action ANS is a well-defined quantity
and look for a physical interpretation for it.
For the case of NS5-branes the action ANS is proportional to the volume of the Calabi–
Yau manifold wrapped by the brane [34]. To check whether the volume is a solution of
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the equation for ANS let us rewrite (88) in (z, z) coordinates,
(94) ∂zANS +
1
2
C
zz
z (∂zANS)
2 = 0,
where C
zz
z = e
2K (Gzz)2Czzz. Recall that the metric in moduli space comes from a
Ka¨hler potential, that is Gzz = ∂z∂zK. The volume of the A-model Calabi–Yau manifold
is given by the classical part of 18e
−K , where by classical part we mean that we only keep
perturbative terms in the Ka¨hler parameter T and discard terms in eT [35, 36],
(95)
1
8
e−K = Vol +O
(
eT , eT
)
.
The Ka¨hler potential can be written in terms of periods of the nowhere vanishing (3, 0)-
form Ω, as
(96) e−K ≡ iW = i
∫
CY
Ω ∧ Ω = i [2(F0 − F0)− (T − T )(∂TF0 + ∂TF0)] .
So we can write the equation for ANS as
(97) (W ∂T∂TW − ∂TW ∂TW )2 ∂TANS −
1
2
CTTT W
2 (∂TANS)
2 = 0.
The holomorphic prepotential F0, that is, the genus-0 free energy, has the general form
(98) F0 =
κ
3!
T 3 + c2T
2 + c1T +O
(
eT
)
.
The numbers c2, c3 are irrelevant to what follows. The nonclassical terms are subleading
when we approach the large radius point. From equation (98) we can calculate
(99) W = − κ
3!
(T − T )3 +O
(
eT , eT
)
By direct computation we can see that W is a solution of (97) up to nonclassical terms,
that is
(100) (W ∂T∂TW − ∂TW ∂TW )2 ∂TW −
1
2
CTTT W
2 (∂TW )
2 = O
(
eT , eT
)
.
So we have found that a multiple of the Calabi–Yau volume is an approximate solution
of the equation for the instanton action, in the limit where we approach the large radius
point. This approximate solution can be identified with the one described in (91) by
noticing that the antiholomorphic dependence12 of the propagator is roughly of the form
(101) z−2Szz ∝ 1
T − T +O
(
eT
)
.
The classical part13 of W =
∫
Ω ∧ Ω is equal to the instanton action ANS when we
approach the large-radius limit, z = 0. Note that the proportionality factor between
V and the classical part of W i includes an imaginary unit, i, because W is purely
imaginary whereas the volume is real. Even though there is a connection between ANS
and the Calabi–Yau volume and this points towards an NS5-brane interpretation of the
12For example, in local P2 the propagator in essentially proportional to Eˆ2(τ, τ) = E2(τ) − 6ipi(τ−τ)
and τ = ∂2TF0 is proportional to T to leading order.
13Both W and its classical truncation are only approximate solutions the equation for the instanton
action.
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action, we must understand what are the corrections in eT and eT that would satisfy the
equation to all orders, and the meaning of the proportionality factor.
Let us finish by noticing that NS5-brane effects where found in [37] manifested as the
nonperturbative ambiguity in the resummation of D-brane instanton effects in string
theory. To leading order in gs these contributions can be regarded as a series in e
−AD/gs
where we sum over instanton sectors (or Ramond-Ramond charges in the case of string
scattering amplitudes on Calabi–Yau compactifications). This series is asymptotic, with
Gaussian rather than factorial growth, and its nonperturbative ambiguity can be ap-
proximated by optimal truncation giving an effect e−ANS/g2s , where ANS was shown to
be proportional to the Calabi–Yau volume. It turns out that a similar calculation can
be done using the terms with g = 0 in the D-brane type of transseries (1), namely
(102)
∞∑
n=1
F
(n)
0 e
−nAD/gs .
It was found in [13] that F
(n)
0 ∝ en
2 1
2
(∂zAD)
2Szz , so the growth is also Gaussian in n. This
leads to a potential ambiguity of size
(103) exp
(
− 1
g2s
A2D
2(∂zAD)2Szz
)
.
Note that the power of the propagator is not cubic so there is no obvious relation the
Calabi–Yau volume. This adds to the list of unanswered questions about the interpre-
tation of ANS as a nonperturbative effect generated by actual NS-branes.
5. Conclusions
We have seen that there is a well-defined large radius limit of the perturbative free
energy for topological strings once the propagator is rescaled appropriately. The rescaled
free energies keep some antiholomorphic dependence and their functional form is uni-
versal, that is, independent of the Calabi–Yau geometry. This limit includes the one
considered in [15] and provides a geometric interpretation for the rescaling by associat-
ing it with the large radius point.
The rescaled free energies, H
(0),u
g , form an asymptotic series that grows like g!, as was
found in [14], in contrast with the (2g)!-growth typical of a topological expansion. The
fact that expH(0),u (times a simple function of gs and u) satisfies the Airy equation [15]
can be used to explain the resurgent properties of H(0),u and its transseries extension. An
alternative approach to the latter comes from the large radius limit of the holomorphic
anomaly equations.
The transseries for Hu depends on e−Au/g2s rather than e−AD/gs . For general values
of the complex structure, away from the large radius point, the holomorphic anomaly
equations admit a transseries solution with e−ANS/g2s , where ANS is not holomorphic.
There is a connection between ANS and the volume of the Calabi–Yau manifold in the
large-radius limit which points to an NS5-brane interpretation although this relation
must be understood better.
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